Planar optical lenses are fundamental elements of miniaturized photonic devices. However, conventional planar optical lenses are constrained by the diffraction limit in the optical far-field due to the band-limited wavevectors supported by free-space and loss of high-spatial-frequency evanescent components. As inspired by Einstein's radiation 'needle stick', electromagnetic energy can be delivered into an arbitrarily small solid angle. Such sub-diffraction optical needles have been numerically investigated using diffractive optical elements (DOEs) together with specially polarized optical beams, but experimental demonstration is extremely difficult due to the bulky size of DOEs and the required alignment precision. Planar super-oscillatory lenses (SOLs) were proposed to overcome these constraints and demonstrated that sub-diffraction focal spots can actually be formed without any evanescent waves, making far-field, label-free super-resolution imaging possible. Here we extend the super-oscillation concept into the vectorial-field regime to work with circularly polarized light, and experimentally demonstrate, for the first time, a circularly polarized optical needle with sub-diffraction transverse spot size (0.45l) and axial long depth of focus (DOF) of 15l using a planar SOL at a violet wavelength of 405 nm. This sub-diffraction circularly polarized optical needle has potential applications in circular dichroism spectroscopy, super-resolution imaging, high-density optical storage, heat-assisted magnetic recording, nano-manufacturing and nano-metrology. I t's commonly believed that the smallest achievable focal spot in the optical far-field is constrained by the Abbe diffraction limit. The underlying physical principle for this limit is that the evanescent fields carrying spatial frequencies beyond the highest wavevector in the propagation medium only exist in the near-field region and rapidly decay within a distance of the order of one wavelength. Therefore, in the past decade, much effort has been devoted to achieving super-resolution far-field focusing and imaging by recovery of the non-propagating evanescent fields. This is achieved by specially designed optical devices, such as the negative-index superlens 1 , microsphere-based nanolens 2 and hyperlens 3 . However, the super-resolution focal spots obtained using these techniques are formed only in the near proximity of the lens which means that the objects to be imaged should be placed just several tens of nanometres away from the lenses. In fact, far-field optical super-resolution can actually be achieved without making use of the evanescent waves. Indirect ways utilizing nonlinear optical techniques such as two-photon fluorescence microscopy 4 and stimulated emission depletion microscopy 5 have demonstrated the improvement of resolution down to sub-diffraction scale by use of luminescent objects, but they work only for narrow classes of specimens. Straightforward methods by means of ''super-oscillation'' have been proposed to achieve sub-diffraction spot size and overcome the short-working-distance and fluorescence labeling constraints, and thus research in super-oscillation has seen a revival of interest in the photonic community in recent years [6] [7] [8] [9] . The pivotal idea of super-oscillation is that a super-resolved hotspot can be formed beyond the optical nearfield by the delicate interference of propagating waves with band-limited wavevectors. Mathematically, this is allowable because a band-limited function is able to oscillate much faster than its highest constituent frequency component 7 . In principle, there is no physical limitation on resolution and only a tradeoff in transfer of intensity to sidebands and reduced energy concentration in the hot-spot. Super-oscillatory hot-spots have been generated through amplitude and phase modulation using spatial light modulators (SLMs) 10, 11 , optical eigenmodes methods 12, 13 , pupil filters 
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out among these for their ease of manufacture using existing nanofabrication technologies such as focused ion beam (FIB) milling and electron beam lithography (EBL). Experimental observations of super-oscillations based on binary masks have been reported using quasi-crystal nanohole arrays 17, 18 , quasi-periodic and quasi-random masks 19 , and binary ring masks [20] [21] [22] [23] . The latter ring masks show much higher throughput efficiency and can be optimized in a controllable manner by an iterative algorithm such as binary particle swarm optimization (BPSO). A scanning imaging system based on such sub-diffraction super-oscillatory lenses (SOLs) has also been demonstrated, and resolution better than l/6 has been achieved 21 . The point spread function of such SOLs has been experimentally studied as well, showing that they can be directly used as imaging lenses with sub-diffraction resolution 22 .
In previous binary SOL-based super-focusing works, linearly polarized beams were commonly used to illuminate the cylindrically symmetric masks. Scalar field approximation gives sufficient accuracy to calculate the diffraction patterns and very good agreement was found between the experimentally recorded images and simulations [20] [21] [22] [23] . In fact, the concept of super-oscillation can work with arbitrary polarization state, for example circularly polarized beams and radially polarized beams. Polarization gives an additional degree of freedom to control the properties of the focal spots. In the vectorial regime, SOLs have been numerically demonstrated to focus radially polarized beams, producing longitudinally polarized hot-spots that beat the diffraction limit in the optical far-field 24, 25 . However, circularly polarized beams give many advantages when working with SOLs such as: a) easier alignment due to the uniform intensity profile (compared with the doughnut profile for radial polarization); b) cylindrically symmetric polarization states without any depolarization effects after transmission through the SOLs; c) the predominant transverse electric field components of the generated super-oscillatory focal spots are continuous even after passing through dielectric interfaces which is beneficial for optical data storage and photolithography applications; (d) potential applications in circular dichroism spectroscopy to image the optical chirality of molecules and proteins.
The focusing properties of circularly polarized beams with conventional objective lenses combined with have been studied 26, 27 , and super-resolved focal spots with long DOE, termed ''optical needles'' hereafter, have been numerically achieved 28 . In a similar way, longitudinally polarized, transversally polarized and linearly polarized optical needles have been produced by tightly focusing a radially polarized beam, azimuthally polarized beam with additional phase hologram, and linearly polarized beam respectively [29] [30] [31] [32] . Focal spots with small transverse dimension and long DOF are desirable for many applications: for example in optical storage and nanolithography, where larger data density and better tolerance on the working distance can be anticipated, and in super-resolution imaging of objects with surface roughness. However, the bulky optical elements make experimental implementation difficult due to aberration and system alignment issues. To overcome these limitations, planar and aberration-free far-field focusing devices in the optical and microwave regimes have been reported using plasmonic metasurfaces 33 , plasmonic metalenses 34, 35 , binary Fresnel zone plates and microaxicons 36, 37 , holey-metal lenses 38, 39 , and plasmonic bull-eye structures 40 .
To our knowledge, the focal spots generated in all these cases are still diffraction-limited. In this work, we experimentally demonstrate the first circular polarization optical needle generator using planar SOLs working near the short wavelength edge (l5405 nm) of the visible spectrum. The transverse components of the focal spot are circularly polarized and proven to be super-oscillatory with feature sizes as small as 185 nm (,0.45l) which is beyond the conventional Abbe diffraction limit. The DOF is as long as 10l and can be increased up to 15l with an appropriate design. It is noted that linearly polarized super-oscillatory optical needles generated by similar SOLs have been reported, where a wavelength of 640 nm was utilized to achieve spot size around 269 nm 21 . Here, we seek a smaller spot size and better resolution, controllable focal length and longer DOF by reducing the incoming wavelength and extend this technique into the vectorial field regime.
Results
Super-oscillatory circularly polarized optical needle generation. A scanning electron microscopy (SEM) image of the first SOL under study (Sample 1) is shown in Fig. 1(a) , and a zoomed-in view of the dashed box is presented in Fig. 1(b) . Detailed design parameters (focal length, transverse spot size and DOF of the two samples (Sample 2 will be discussed later) are presented in Supplementary  Table S1 ). At the short wavelength of 405 nm, higher manufacturing accuracy is essential due to the fact that subwavelength focal spots, in principle, are formed by constructive interference of the fields diffracted from the mask and therefore large fabrication discrepancy may lead to significant deviations of experimental data from the original design. From detailed analysis of the SEM images, the standard deviation of the measured slit width is calculated to be around 8.8 nm (see Supplementary Table S2 for more details).
The experimentally recorded electric field distribution within 20 mm propagation distance after Sample 1 is depicted in Fig. 1(c) , while the theoretically predicted result is given in Fig. 1 (d) for comparison. Excellent agreement can be seen between them: the focal length (central position of the optical needle) is actually found to be Z f 510 mm, which is identical to the original design; the generation of optical needles ranging from 8 mm to 12 mm (DOF , 10l); sidebands surrounded the needles and other two foci located at z516 mm and z518.2 mm respectively. This agreement indicates that the limited numerical aperture (NA50.95) of the collection objective doesn't significantly distort the diffraction patterns which is consistent with our previous findings 20, 23 . Another aspect that needs to be considered is the contributions from plasmonic effects (the excitation of surface plasmon polaritons) to the far-field signals which in our case can be neglected due to the following reasons: the plasmonic waves will attenuate rapidly and only play a dominant role in the near-field region; the gold film thickness is much smaller than the wavelength while the smallest width is around half-wavelength and thus the cavity resonance is insignificant.
To make a comprehensive investigation of the properties of optical needle, we measure the electric field intensity in the transverse crosssections using a sCMOS camera. Images at different propagation distances of 9 mm, 10 mm and 11 mm within the non-diffracting region of the optical needle are displayed in Figs. 2(a) -(c) respectively, as examples. All the images show similar intensity profiles and reasonable circular symmetry. The theoretical data calculated by Rayleigh-Sommerfeld diffraction integrals (see Methods) at the same propagation distances of 9 mm, 10 mm and 11 mm are presented in Figs. 2(d) -(f) respectively. It is seen that the experimental data are consistent with the theory in that they show bright central main lobe and several surrounding sidelobes with gradually reducing intensity. The peak electric field intensity in the main lobe is at least 5 times larger than that of the sidebands. Line-scans of the intensity distribution along the horizontal line across the focal spot diameter are shown in Figs. 2(g) -(i) . The full-width-at-half-maximum (FWHM) of spot size from experiment(theory) for z59 mm, 10 mm and 11 mm are measured to be 208 nm(196 nm), 177 nm(185 nm) and 193 nm(181 nm) respectively. In contrast, the Abbe diffraction limit given by this SOL under scalar field approximation is l/(2NA)5226 nm, where NA50.89 is calculated from n * sinh max , n 5 1 is the refractive index in air and h max is the maximal focal angle determined by the mask aperture r max and focal length Z f through the relation tan(h max )5r max /Z f : this proves that our SOL is able to break the conventional diffraction limit. Both the designed and measured spot sizes are only slightly smaller than the diffraction limit because the parameters of the SOL are chosen to guarantee a good energy concentration in the mainlobe with a sub-diffraction-limited spot size. It is known that a reduction of the main lobe spot size is always accompanied by an increasing in sideband intensity, which is intrinsic to super-oscillation.
Phase and local wavevector profiles. We also verify here that the generated focal spots are indeed super-oscillatory. According to the definition of super-oscillation 7 , the local wavevector (k local 5 ,Y, phase gradient) in the super-oscillatory region should be larger than the highest wavevector component in the optical fields (k 0 5 2p/l in free space). For vectorial fields with complex polarization states, the phase distributions can be simulated from the formula Figs. 3(a) and 3(b) respectively. It is clearly seen that there are several regions where the phase oscillates rapidly and k local is much larger than k 0 . These super-oscillatory regions correspond to the intensity minima, which is characteristic of super-oscillation. At the first minimum adjacent to the mainlobe, k local can be larger than 30k 0 and therefore, the hot-spot is being squeezed by the super-oscillatory region into a spot smaller than the conventional diffraction limit.
Poynting vector distributions. In order to better understand the mechanism forming the circular polarization optical needle, we plotted the Poynting vectors near the DOF range (from 8 mm to 12 mm), as shown in Fig. 4 very different from the case of longitudinally polarized optical needle generated by a highly focused radially polarized beam, where the predominant longitudinally polarized electric field produces nonpropagating energy flow in the transverse plane 29 . Another phenomenon to be observed is that the energy flows in the superoscillatory regions change their directions rapidly although the electric field intensities in the super-oscillatory regions are weak and the magnitude of the Poynting vectors is small, which indicates a small exchange of electromagnetic energy between the optical needle and the first sidelobes during propagation. This can be intuitively understood by considering that, while the energy content of the needle does not change significantly over the depth of focus, some small exchange is probable due to the complex interference needed to create the super-oscillatory needle.
Generating an optical needle with longer DOF. The properties of the circularly polarized optical needle can be flexibly tuned using the BPSO algorithm to achieve, for example, longer DOF. To this regard, we designed and measured a second sample (Sample 2) which has a central block diameter of 12 mm and aims at a DOF of 6 mm (,15l) at the same focal length as Sample 1 (10 mm). The design with a central-block is helpful to increase the super-oscillation region and make it attractive for large-area super-resolution imaging with suppressed background noise. In this case, objects with subdiffraction spacing located within the super-oscillatory region can be resolved 11, 21, 22 . An SEM micrograph of Sample 2 is shown in Fig. 5(a) . The experimental and theoretical data are given in Figs. 5(b) and 5(c) respectively. Bright focal spots are formed ranging from z57 mm to 13 mm which agree with the original design very well. This can be seen more clearly from the axial intensity distributions plotted in Fig. 5(d) . Although there are some intensity fluctuations within the optical needle, the optical energy is highly confined in these regions. The spot sizes are investigated as well and found to range from 0.41l to 0.49l within the optical needle. For example, at discrete propagation distances for z58 mm to 12 mm in step of 1 mm, the FWHMs obtained from experiment(theory) are evaluated to be 0. 44 capabilities. We average the spot size along two orthogonal directions to reduce the errors induced by possible polarization impurity of the incoming laser and fabrication imperfections. Insets show the original images captured by the CCD camera within an area of interest of 2 mm*2 mm, where the experimental data were taken.
Discussion
It is important to note that the spot size can be further reduced in combination with higher-refractive-index materials. For example, in oil immersion (refractive index ,1.51), the spot size can be less than 135 nm without apparent distortion of longitudinal needle features (see Supplementary Information for details) . Sub-50 nm hot-spots are possible by use of solid-immersion techniques and have been numerically demonstrated for heat-assisted magnetic recording applications 41 . Here, refractive index materials help to reduce the effective wavelength and super-oscillation further squeezes the spot-size down to sub-diffraction level.
Using super-oscillation, longitudinally polarized super-oscillatory optical needles can be generated using radially polarized light, but direct detection is more difficult through far-field measurements (as used here) because the longitudinal component is non-propagating and is related to energy flow in the transverse plane. Other techniques, for example exposure of photoresist or fluorescence with proper orientation may be used, but are outside the scope of this work.
To sum up, we show the first experimental demonstration of a circularly polarized optical needle using a planar super-oscillatory binary mask and violet-wavelength circularly polarized excitation beam. The transverse spot size is reduced to a sub-diffraction scale (0.45l) while the axial DOF is as long as 15l. The typical focal length can be up to 10 mm and allows a larger working distance. The Poynting vectors near the optical needle regions are calculated, where the axial energy flows in the hot-spots are confirmed and shown to be uniform. Planar and thin SOLs are desirable for fabrication ease as well as for integration simplicity. This circularly polarized superoscillatory optical needle promises broad and practical applications in heat-assisted magnetic recording, high-density optical data storage, photolithography, super-resolution imaging of objects with surface roughness or optical chirality of molecules by circular dichroism 42 , spatially resolved Raman imaging, optical coherence tomography imaging, nano-manufacturing and nano-metrology.
Methods
Sample design and optimization. The design of such mask is based on the powerful binary particle swarm optimization (BPSO) algorithm 43 . The target function is defined as exp { r Theoretical calculation of diffraction pattern. The electric fields diffracted by a circularly symmetric mask illuminated by a left-handed circularly polarized beam can be derived from the Rayleigh-Sommerfeld integrals 44 :
where A(r) is the initial amplitude of incident beam before the mask, R 2 5 z 2 1 r 2 1 r 2 2 2rr cos(Q-h), (r,h,z) and (r,Q,0) are the cylindrical coordinates in the observation plane and mask plane respectively. E y and E x have identical intensity profile and a phase difference of p/2, indicating that the electric field in the transverse (xy) plane after diffraction is still circularly polarized. In order to make quantitative comparisons between the experimental data and theoretical prediction, we do not consider the longitudinal component E z in the main text because far-field measurements (like the images taken by sCMOS camera) are limited to the transverse components of the electric fields and E z is always strongly suppressed in the image plane due to polarization filtering 45 . The magnetic fields can be rigorously calculated from Maxwell's equation as
Sample preparation. The SOL is fabricated by focused ion beam (Helios 650, 30 kV, 24pA) milling through a 100nm-thick gold film deposited on a glass substrate using thermal evaporator (Oerlikon Univex 250). The mask (diameter 40 mm) is divided into 100 concentric annuli each with either unit or zero transmittance and the smallest annulus width is 200 nm.
Experimental apparatus. The experimental setup is based on a customized Nikon dual-mode microscope, where a high magnification and high-NA objective (Nikon CFI LU Plan APO EPI 150X, NA50.95) together with a 4X magnification changer collect the diffraction pattern and then project it onto a high-resolution sCMOS camera (Andor Neo, 2560*2160, pixel size 6.5 mm). A linearly polarized incident beam (Toptica Photonics AG, IBEAM-Smart-405-S) was first converted to circular polarization using a quarter-waveplate, then expanded by 5 times using a telescope system (combination of two confocal convex lenses with focal lengths of 15 mm and 75 mm), and finally illuminated the SOL from the substrate side.
Optical far-field characterization. Since the subwavelength focal spots are formed by interference of propagating waves, they can be directly imaged by a conventional optical microscope and mapped into the far-field. (See the Supplementary Figure S2 for detailed optical configuration.) Under 600X magnification, the effective pixel size of the sCMOS camera is around 13 nm, which is inferred from the microscope images of the SOL sample under white light illumination and is fine enough to reconstruct the subwavelength focal spots. The longitudinal cross-section distributions were captured by scanning the SOL in the z direction on a Labview controlled piezo nanopositioning stage (PI E517) with step size of 100 nm. The transverse crosssection distributions at specific propagation distances were captured directly by the sCMOS camera after obtaining the longitudinal cross-section distributions. Due to the mechanical drift of the imaging system which becomes prominent at high magnification, there is slight movement of the focal spots in the transverse direction when mapping the electric field in the longitudinal plane. We reduce this issue by recentering of focal spots during post-processing.
